We study the problem of separating points in the plane, no two of which have the same or -coordinate using a minimum number of vertical and horizontal lines avoiding the points, so that each cell of the subdivision contains at most one point. We prove that this problem and some variants of it are NP-complete. We give an approximation algorithm with ratio for the planar problem, and a ratio approximation algorithm for the -dimensional variant, in which the points are to be separated using axis-parallel hyperplanes. We reduce the problem to the rectangle stabbing problem studied by Gaur et al [4] . Their approximation algorithm uses LProunding. Our algorithm presents an alternative LP-rounding procedure which also works for the rectangle stabbing problem.
be a set of points in the plane, no two of which have the same or -coordinate. We consider the problem of finding a minimum set of axis-parallel lines that do not pass through any of the given points, such that each cell of the resulting subdivision contains at most one point. In other words, for each pair of points there is a line in our set which separates the two points. We refer to this problem as the separation problem SEPARATION. Its natural extension in higher dimensions, called the multi-modal sensor allocation problem in [9] , asks for a minimum cardinality set of hyperplanes which separate given points. It has applications to fault-tolerant multi-modal sensor fusion in the context of embedded sensor networks [9] . It is also a natural problem to consider, from the perspective of computational geometry, and appears to be closely related to other problems of separating points or hitting objects studied recently in the CG literature [1, 2, 5, 6, 7] .
When the number of dimensions is part of the input, the separation problem has been shown to be NP-complete [8] . However the proof of this result does not carry over to the case when the number of dimensions is small (e.g., in the plane). We prove that the separation problem is NPcomplete. Our proof can be adapted to show that other variants of the problem are NP-complete as well (see below). We present two LP-based approximation algorithms with ratio in the plane, respectively in @ B A : the first is obtained by casting the separation problem as a special case of the rectangle stabbing problem [5, 4] (see Section 2). The second uses a different -counting based -rounding procedure. We show that the second algorithm also works for the rectangle stabbing problem, with the same ratio . We exhibit an infinite sequence of examples in the plane having integrality gap C D
, for both problems. Our main result is 
A natural variant of the above point separation problem is a colored version: the points are colored, and one has to find a minimum set of axis-parallel lines, such that the set of points (if non-empty) in each cell of the resulting subdivision is monochromatic. Clearly having each point colored by a different color is equivalent to the original problem. Thus when the numbers of colors is part of the input this problem is also NP-complete. We prove that it remains so for any number . This version also extends to higher dimensions, as the original problem does. Both our algorithms can be used to obtain a -approximate solution for the colored version in the plane, or -approximate solutions for the colored version in
Without loss of generality, we can restrict the set of vertical or horizontal separating lines to a set of 1 r T canonical lines, one for each pair of consecutive points with respect to the -coordinate, and one for each pair of consecutive points with respect to the -coordinate (say, at the average coordinate value of two consecutive points).
We first give two lower bounds on 5
, the size of an optimal solution. Consider the complete geometric graph 
In the rectangle stabbing problem [5, 4] , we are given a set of (nondegenerate) axis-parallel rectangles in the plane, with the objective of stabbing all the rectangles with the minimum number of axis-parallel lines (a rectangle is said to be stabbed by line
x intersects its interior). Gaur, Ibaraki and Krishnamurti have recently given a ratio approximation algorithm for this problem [4] .
Let us first see how the separation problem can be cast as a rectangle stabbing problem. . Note also that it is enough to restrict ourselves to empty rectangles, i.e., those that do not contain other points of
5
: stabbing all empty rectangles x guarantees that all rectangles are stabbed. However, in general this restriction may be not significant, as it is easy to construct examples with m empty rectangles determined by the points. Let be the collection of rectangles in the rectangle stabbing problem. A set of canonical lines is selected first, as in the separation problem (see [4] for details regarding this selection). The natural IP (integer program) with variables
The linear programming relaxation of IP is obtained by replacing the constraints 
It then solves optimally the problem of stabbing the horizontal rectangles by horizontal lines, and that of stabbing the vertical rectangles by vertical lines, by solving the corresponding linear programs 5 B Â and 5 Ã
. The solutions of these two linear programs are integral, a property that follows from the total unimodularity of their system matrices. Putting together the two sets of lines results in a -approximation algorithm, using again the total unimodularity property. We remark here, that instead of solving 5 Â and 5 Ã
, one can solve directly the corresponding stabbing problems using the greedy algorithm, since these become interval stabbing problems on the line.
The formulation of the integer and linear programs for the separation problem is analogous. The IP with variables v
The linear programming relaxation of IP is obtained by replacing the constraints t Ê X . The details are omitted. We finally remark that both algorithms can be used to solve the colored version of the separation problem in the plane with the same ratio of : write linear constraints only for the set of bichromatic edges, i.e., those whose endpoints have different colors.
We now show an infinite sequence of examples in the plane having integrality gap C h D
, for both the rectangle stabbing, and the separation problem. It is enough to do this for the separation problem (as a special case of the rectangle stabbing problem).
Lemma 2 The integrality gap of the linear program
for an infinite class of examples.
Proof. Consider the five-point configuration in Fig. 1 (left) , that we call an 
The decision version of the separation problem is clearly in NP, so we only have to prove its NP-hardness. Inspired by the reduction from Proposition 6.2 of [5] , we reduce the satisfiability problem 3-SAT to the separation problem in the plane (SEPARATION). The input to 3-SAT is a boolean formula ß in 3-CNF form, i.e., each clause has exactly three literals. The problem asks whether ß is satisfiable. 3-SAT is known to be NP-complete [3] . Let 
. The solution (set of separating lines) corresponding to the truth assignment We can use the same reduction to show that the separation problem with colored points is also NP-complete. The -coloring that we use has the property that all the edges specified in the above proof are bichromatic (i.e., their endpoints have different colors). We omit the details for lack of space. We thus have
Corollary 1
The separation problem in the plane with colored points is NP-complete. To prove the approximation hardness stated in Theorem 1, we use the same reduction, and Theorem 3. Calculations show that one can take
